Abstract. Using a non canonical braiding over the 3d left covariant calculus we present a family of Hodge operators on SU q (2) and on its homogeneous quantum space S 2 q .
Introduction
The geometrical setting of this paper is well known. We equip the manifold of the quantum group SU q (2) with the left covariant three dimensional calculus from [1] , and its quantum homogeneous space given by the standard Podleś sphere S 2 q with the induced left covariant two dimensional calculus [2] . A frame bundle approach allowed in [3] to describe a Riemannian structure with a metric (arising from purely algebraic relations), Hodge operator and a Laplacian on S 2 q , which was coupled to the q-monopole connection of this U(1) Hopf fibration in [4] . The question we analyse in this paper is the following: is it possible to introduce a suitable family of Hodge operators on SU q (2) and a meaningful projection procedure giving Hodge operators on the S 2 q sphere, as happens in classical geometry? This question had been addressed in the same setting in [5] (and on the same spaces equipped with different calculi in [6] ) mainly using the formalism from [7] , which relates Hodge operators on a left covariant differential calculus to the properties of a scalar product on it. In this paper we merge this concept with results in [8] : the 3d calculus on SU q (2) has a (non canonical) braiding, and the whole exterior algebra is recovered in terms of the corresponding antisymmetriser operators. In analogy to [9] , we set the question of defining -using scalar products -Hodge operators whose square is diagonal and such that its spectrum shows a degeneracy fitting with the degeneracy of the spectra of the antisymmetrisers of the calculus: moreover, this is the notion we relate to that of of symmetry of a tensor on SU q (2). In order to clarify the meaning of this approach, sec. §2 describes it at lenght in the classical setting, while sec. §3 presents how this idea works for SU q (2), eventually proposing a family of Hodge operators on S 
A classical path
Consider a N-dimensional connected Lie group G given as the real form of a complex connected Lie group. Its group manifold is parallelizable: the space of 1-forms Ω 1 (G) is a free bicovariant N-dimensional A(G)-bimodule on the basis of left (right) invariant {φ a } ({η a }) 1-forms; the associated first order differential calculus is given by (d, Ω 1 (G)) with dh = (L a h)ω a = (R a h)η a in terms of the action of the dual left (right) invariant derivations L a ({R a }) on h ∈ A(G). The standard flip given 1 on a basis by τ :
where S k is the set of permutations of k elements. 
The antisymmetrisers have a completely degenerate spectral decomposition,
We consider a non degenerate tensor g :
and then a sesquilinear scalar product
if µ = m θ = µ * is the volume form (with θ the Haar measure on G, m ∈ C), the equation
uniquely defines a bijective T :
The tensor g is symmetric if and only if the square of T acts on Ω 1 as a constant depending on the volume 2 ; given a symmetric g one has also that
k . But such an operator T is not (yet) an Hodge operator: it has to be real, and the reality condition comes as the equivalence
Fixing the reality condition as a compatibility of the action of T with the hermitian conjugation on Ω 1 proves to be indeed sufficient to have [T, * ] = 0 on the whole exterior algebra Ω ∧ .
and drop the overall obvious dependence on G. 2 It is true that the factor can be arbitrary, and that g is symmetric if and only if T 2 (φ a ) = ζ φ a with 0 = ζ ∈ C. The choice in (2.4) will give the possibility of the usual overall normalization.
Such a symmetric and real operator T is then recovered as the Hodge operator corresponding to the (inverse) of the (metric) tensor g on the group manifold. The choice µ, µ G = sgn(g) fixes the modulus of the scale parameter m of the volume so to have
The quotient of its right action gives a principal fibration π : G → G/K. The exterior algebra Ω(G/K) ⊂ Ω(G) is given in terms of horizontal and right K-invariant forms on G; any Ω s (G/K) turns out to be no longer a free A(G/K)-bimodule. If we consider right K-invariant metric tensors g on G whose restriction to the homogeneus space G/K is non degenerate, then the restriction of the corresponding scalar product consistently sets
as a definition for the operatorŤ :
for any ψ ∈ Ω s (G/K) and this induces to considerŤ , after a natural normalisation, as the Hodge operator on G/K obtained by projecting the right K-invariant (inverse) metric tensor g onto the homogeneous space.
Exterior algebras and Hodge operators over quantum spheres
We move to the quantum setting with a short presentation of SU q (2) and its well known 3d left covariant exterior algebra, referring the reader to [1, 10] for a more complete description. As quantum group SU q (2) we consider the polynomial unital * -algebra A(SU q (2)) = (SU q (2), ∆, S, ε) generated by elements a and c such that, using the matrix notation
the Hopf algebra structure can be expressed as uu
The deformation parameter q ∈ R is restricted without loss of generality to the interval 0 < q < 1. The quantum universal envelopping algebra U q (su (2)) is the unital Hopf * -algebra generated the four elements K ±1 , E, F , with KK −1 = 1 and the relations:
The * -structure is K * = K, E * = F , while the Hopf algebra structures are
The non degenerate Hopf algebra pairing between the two algebras above is the * -compatible bilinear mapping , : U q (su(2)) × A(SU q (2)) → C given on the generators by
with all other couples of generators pairing to zero. The * -compatible canonical commuting actions of U q (su(2)) on A(SU q (2)) are (adopting the Sweedler notation)
Given the algebra A(U(1)) := C[z, z * ] < zz * − 1 >, the map
is a surjective Hopf * -algebra homomorphism, so that U(1) is a quantum subgroup of SU q (2) with right coaction:
This right coaction gives a decomposition 
It is a * -calculus, with ω * − = −ω + and ω * z = −ω z , while the bimodule structure is ω z x = q 2n x ω z , ω ± x = q n x ω ± for any x ∈ L n . The basis of the quantum tangent space X Q ⊂ U q (su(2)) dual to Γ inv (3.7) is given by
so that one can write exact 1-forms as dx = a=±,z (X a ⊲x)ω a with x ∈ A(SU q (2)). This FODC has a non canonical braiding σ on Γ ⊗2 [8] , which is as follows
The corresponding 3 antisymmetrisers A (k) : Γ ⊗k → Γ ⊗k induce an exterior algebra Γ ∧ = ⊕ 
]).
In particular, the exterior wedge product satisfies ω a ∧ ω a = 0, (a = ±, z) and
while the unique left invariant hermitian top form of the calculus is θ = θ * = ω − ∧ ω + ∧ ω z with x θ = q −4n θ x for x ∈ L n . Antisymmetrisers are totally degenerate, A (k) ω = λ k ω with eigenvalues on Γ ∧2 , Γ ∧3 , .11) 3.1. Symmetric contractions and Hodge operators. We are going to mimick the classical construction to obtain a suitable class of scalar products in the quantum setting. We shall consider A(SU q (2))-left invariant contractions, namely C-bilinear maps g : Γ inv × Γ inv → C, which are also right U(1)-invariant. The right U(1)-coaction (3.5) consistently extends to a
with n ± = ±2, n z = 0, so we set g(ω a , ω b ) = 0 if n a + n b = 0. The only non zero coefficients are (non degeneracy clearly amounts to α β γ = 0)
This contraction is naturally extended to Γ ∧2 inv , Γ
∧3
inv by the quantum analogue of the classical (2.2), replacing the action of the classical antiysmmetrisers by the quantum ones A (2) , A (3) . We set a left-invariant scalar product on the whole exterior algebra Γ ∧ by using the spectra of the antisymmetrisers to normalise the contractions and then introduce a corresponding dual operator T :
where ω, ω ′ ∈ Γ ∧k inv , x, x ′ ∈ A(SU q (2)), h is the Haar state of SU q (2), µ = m θ, m ∈ R is an hermitian volume form. The operator T is well defined (provided g is non degenerate) and left A(SU q (2))-linear [7] . From the spectrum of its square we define g: i) symmetric, provided the operator
* for ω a ∈ Γ inv holds. These two conditions are compatible, the set G σ of A(SU q (2))-left invariant and right U(1)-invariant symmetric and real non degenerate contractions g is given by (3.12) with β = q 6 α ∈ R, γ ∈ R, α γ = 0. For g ∈ G σ we assume T to be a quantum Hodge operator with T (1) = µ,
and T (θ) = −6q 4 (λ 3 ) −1 m α β γ. We define the quantum determinant of a contraction as det g = µ, µ SUq(2) , with signature sgn(g) = sgn(det g), and fix the modulus of the scalar factor m as T 2 (1) = sgn(g). For g ∈ G σ it is sgn(g) = −sgn(γ): this normalisation condition gives T 2 (ω a ) = sgn(g)(2λ 3 )(6q 4 λ 2 ) −1 ω a . The spectra of the square of the quantum Hodge has the same degeneracy of the quantum antisymmetrisers of the given calculus, their specific eigenvalue appears as a deformation of the classical eigenvalue sgn(g) with g the classical metric on SU(2). For g ∈ G σ the Laplacian operator on SU q (2) is (see (3.8)):
with x ∈ A(SU q (2)). Its spectrum σ P is discrete (see [5, eq. 4 .23]); one has σ P ⊂ R + if α γ > 0, while σ P is unbounded from above and below if α γ < 0. The formalism developed here gives then Laplacians whose classical limit recover both a Riemannian and a not Riemannian case.
Remark 3.1. As usual in the quantum setting, for the braiding (3.9) on Γ ⊗2 it is σ 2 = 1;
The two families of Hodge operators have isomorphic spectra (and give equivalent Laplacians as well), but are not compatible (unlike the ones constructed in [9] ) since [T,
From [3, 4] we know how to write the 2 dimensional exterior algebra Ω(S 2 q ) induced on the Podleś sphere as A(S 2 q )-bimodules (frame bundle approach), 
with v ± ∈ L ±2 . Upon the natural normalisationm 2 = λ 2 α β/2, we see that the squared operatorŤ 2 is diagonal, but not constant on Ω 1 (S 2 q ) for g ∈ G σ . Let us briefly comment on that. This should not be too surprising, but even expected. Expression (3.16) shows explicitly that Ω(S 2 q ) is not a free left covariant A(S 2 q )-bimodule, and cannot be given as the range of a suitable family of antisymmetriser operators on Ω ⊗2 (S 2 q ). This means -recall that we link the consistency of an Hodge operator to the equivalence between the degeneracy of the spectrum of its square and that of the antisymmetrisers for the calculus -that we actually have no natural term of comparison.
The operatorŤ appears nevertheless as the natural analogue of the Hodge operator on the classical sphere S 2 ∼ SU(2)/ U(1), so we propose to assume it as a quantum Hodge on S 2 q . If we define the corresponding Laplacians on S 2 q , then it is evident that we can verbatim repete the analysis in [4, §6] and [5, §7] , since the setting we have described in this section gives the geometry [11] of a quantum U(1) Hopf fibration over S 2 q with compatible calculi.
classes..."Instead of solving three different exercises, try to solve the same, in three different ways". Danke, herzlichst.
